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In order to decide who starts a game, each player takes it in turn to throw a die. The start is decided
by the first person to throw a six. )

(i) What assumption about the die must be made in order to apply a geometric model to calculate
the probability that the first six occurs on any given throw of the die?

(i) Find the probability that the game starts with the second throw of fhe die.
(iii) Find the probability that the game starls with the third or subsequent throw of the.dic.
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E(X) = j;xf(x)dx = J‘x(—4x3+4x)dx B j(—4x4+4x2)dx
0 0

= [L4s5.4.5)
‘[5’”5*]0

8

15

Note that- this value falls near the middle of the domain of the pdf, as it should. If the pdf is
symmetlrlc, the expectation value is in the centre of the domain. If the pdf is asymmetric, the
expectation value is not in the centre of the domain, but unless the pdf is very asyrnmetri,c the
expectation value should still be near the centre of the domain. If you get an expectation va,lue not
near the middle of the domain of the pdf, recheck your math!

If g(x) is a function of continuous random variable X with pdf f(x) the expectation value of

g(X) can be calculated:

Take care to realise that g(x)f(x) is simply the product of the two functions and not g(f(x)) .

For our purposes the most important use of E[g(X)] will be to calculate the variance of a

continuous function. To do this we will need to use the case of g(x) = x2.

In this case we have that g(x) = x3, therefore,
1 1 1
E(X?) = [¥x f(x)dx = [x3(-4x3 +4x)dx = [(=4x8 + 4x4)dx
0

0 0

49,45
[7x+5x]0

8
35



A graph of the pdf can go a long way in helping determine the mode.

From the graph of f(x) = —|x|+1,-1<x<1 itis y
immediately obvious from symmetry as to where the 1 ¥ = Fix)
greatest value of f(x) occurs.
. . . | >X
By inspection the mode is at x = 0. 0
This time, sketching f(x) = —4x3+4x,0<x<1 YA
will not immediately reveal where the greatest value 1+ = f(x)

of f(x) occurs.

While we could use a graphics calculator to obtain
an approximate value for where the greatest value of >

Jf(x) occurs, we can obtain an exact value by making
use of differential calculus.
fx) = —-4x3+4x. . f'(x) = —12x2+4

At the stationary point, f'(x) = 0 —12x2+4 = 0= x = + £z10.5774.

As 0 £x <1, the mode is 0.5774.

When the random variable X is continuous, this translates to the value of a of the pdf f(x) for

which [ f(x)dx = 05.

(b)

By considering the graph of f(x) = —|x| +1,-1<x<1, agam,nsmg the sy1
the graph, we have that the median occurs at x = 0.

We need to find the value of a for which J.:(— 4x3 +4x)dx =

a SLE
This gives [—x4+2x2 J = 05@—a*+2a? = 05 2a*—4a
0

We are now left with a quadratic in a2, Using the quadratic formula wé have
g2 < 4E416-8 _ 2+J§
2x2

Giving a =+0.5411 or a ==+1.3066.
- As 0 £ x <1, then we have that the median is 0.5411.

. From where we have a2 =0.2929 or a




For a continuous random variable with pdf f(x), its variance, Var(X) = E[(X - 1)2], where

W = E(X). This formula is identical to the formula for the variance of a discrete random
variable, but now we must integrate, so that

Just like for discrete variable, there is a “calculation version”, which is recommended for actual
calculations:

We need to calculate p2. From example 1.15 we know that n= % a2 = 55

1 1
We also need to calculate E(X2) = '[xz X f(x)dx = Ixz(— 4x3 +4x)dx = 1
. 0 G 3
64 11

—23 = 52—5- .—:—,()0489

Remember: always try to conduct a “reality check” on your answer, What can we check here?

Since o must be real and since 6 = ./Var(X) then Var(X) must be nonnegative. Furthermore
Var(X) cannot be zero if X is continuous variable. Why?

For discrete random variables the cdf is the sum of all the pdf values up to x.
For continuous random variables the cdf is the integral of all the pdf values up to x.

Technically so that we can integrate with respect to ¢, we had to convert f(x) to f(z), wherezis
a dummy variable, which disappears in the final result, leaving F(x), as we want.

Formally we integrate from negative infinity, but in practice we only integrate from the smallest
value of x in the domain of f(x).




X
The cdf, F(x), is given by F(x) = [(~ 47+ 41)dr
0

X
=[—ﬂ+2ﬂ}
0

= —x*+2x2,0<x<1

Now we consider the simplest possible continuous cdf, the continuous uniform distribution.
Thinking graphically this is always a rectangle with area = 1.

Formally we write X~U(a,b), where a and b are the upper and lower bounds of the domain of A
J(x) . Since the width of the rectangle is (b — a) and since the area of the rectangle must be one,

the height of the rectangle is 5 ! -

Notice that the area under the curve is 1 as it must be. Ay
All uniform distributions are symmetric, so E(X) y = f(x)
is in the middle of the domain of f(x), that is 01| mmm
E(X) =17. I I
| |
However, let's evaluate the integral just to check. 2' ’ 1' 2 =

12

E(X) = [xx0.1dx = [0.05x2];" = 0.05x 140 = 7

12 12

()  Var(X) = [22f(x)dx-p? = [0.1x2ax - 72
2 2

[ixﬂm 49
30",

1720
= —-49
30

25
= =( =8333
= )

Approximately 70% of the data should be within about [ £ G, that is, within 7 = 2.89.

2.89x2
10
middle than a uniform distribution and thus closer to the 70% figure.

% 100% = 57% . Real world pdfs tend to be more peaked in the

In our case that is

v

() f(x)=01,2<x<12 ~F(x) = JO.ldt,OSxS 12

= 0.1(x-2)
This formula should give F(2) = 0 and F(12) = 1, because 2 and 12 are the lower and upper
bounds of the domain of F(x). And indeed they do!




{Probability generating functions

This chapter introduces the concept of a probability generating function. When you have
completed it you should be able to

° understand the concept of a probability generating function and be able to construct and
use the probability generating function for given distributions (including the discrete
uniform, binomial, geometric and Poisson) '

° use formulae for the mean and variance of a discrete random variable in terms of its
probability generating function, and to use these formulae to calculate the mean and
variance of probability distributions

° use the result that the probability generating function of the sum of independent variables
is the product of the individual probability generating functions of those variables.

3.1 ( Defining a probability generating function

In certain cases it is convenient to summarise the values, x;, taken by a discrete random
variable, X, and the probabilities, p;, associated with these values by a function known as the
probability generating function, often abbreviated as p.g.f. This function, denoted by
Gx(t), involves an arbitrary variable t. Gx(t) is defined as

Gx(t) = pit" + pot™ +... = > pith (3.1)

Gx(t) only exists if this series converges.

You saw in C2 and C4 that issues of convergence always arise in dealing with
infinite series. In this chapter and the next, certain operations on series, such as
rearrangement and term-by-term differentiation, are only justified when the
series satisfies, often quite strict, convergence conditions. For the purpose of this
Statistics module, although you should realise when your solutions depend on
assumptions about convergence, you do not need to worry about the details. You
can assume that, unless stated otherwise, all the necessary conditions hold.

Consider the probability generating function for a simple distribution. Suppose that the
discrete random variable X has the probability distribution shown below.

X
P(X = x)

Ni= W

Wi =t
fol= N}

Then, in this case, the probability generating function of X is given by

Gx(t) = 3t' + 3t* + 31,



At first sight this does not appear to be a very useful definition, especially since ¢ does not have
any obvious meaning. However, you will see in the course of this chapter that it provides a
powerful tool for finding the mean and variance of certain probability distributions and also
for finding the probability distribution of a sum of independent random variables.

Look again at the definition of G x(t) in Equation 3.1. You can see that G x(t) is constructed by
multiplying each value of ¢X by the associated probability and then summing. Thus Gx(t) is
the expected value of t¥; that is,

Gx(t) = E(t%). 3.2)
Substituting ¢ = 1 into Equation 3.2 gives
Gx(1) =E(1*) = E(1) = 1.

You can see why this must be so by looking back to Equation 3.1. If you substitute ¢ = 1 into
this equation, you have

Gx(1)=p11"1+p21"2+...=p1+p2+...=Zp,-.

Thus Gx(1) is the sum of the probabilities and for a probability distribution this is equal to 1,
that is

@(n =Y pi= D (3.3)

Example 3.1.1
(@) The discrete random variable X is the number of throws taken to throw the first six with a
fair dice. Find the probability generating function, Gx(t), of X and verify that Gx(1) = 1.

(b) Generalise these results to the situation in which the probability of throwing a six is p.
(a) X has a geometric distribution for which
PX=x)=3)x () forx=1,23, ...
Thus Gx(®) = (§)£' + (5) x (R)2 +(3) x (3)*F +...

This is an infinite geometric series (see C2 Section 6.3) with first term %t and
common ratio 3. Provided that |3¢| < 1, the series can be summed, giving the
probability generating function

t t

S
1_gt65t

O\

Gx(D) =

1
Substituting t = 1 gives Gx(1) = r i 1.

The value t = 1 can be substituted into the expression for Gx(t) since, for this
value of t, [2t| = £, which is less than 1.



Example 3.1.3
The probability generating function of the discrete random variable X is

1 4
Gx(t) =k t+—) .
X0 =k(VE+ =)
(a) Find the value of k.

(b) Find the probability distribution of X.

4
(a) Since Gx(1) = 1, it follows that k <«/T+ %) =16k=1.Sok = %.

(b) The probability distribution of X is found by expanding Gx(f) as a power series in .

Gx(®) = L (ﬁ+ %)4

i ((ﬁ)‘* 4D (72) + 62 (i)z + 4D (i)3 (% 4
i i i) T\

= L +4t+6+4t71 +172)

=gt P+t + 304 1 LA

The powers of t in this series give the values taken by X and the coefficients of
the terms give the corresponding probabilities. Thus the probability distribution

of Xis
X -2 -1 0 1 2
PX=n & } %1 %

Here is a summary of the results of this section.
The probability generating function of a discrete random variable, X, is
defined by
Gx(D) = pit T + pot2 + .. = E(tx),
provided that this series converges.

Gx(t) has the property that Gx(1) = 1.

( Finding the mean and variance of a discrete random variabLe/

Ny

In S1 and S2 you met formulae for the mean and variance of a number of discrete probability
distributions, such as the binomial, geometric and Poisson distributions. These formulae were
stated but not proved. With the aid of the appropriate probability generating function the
proofs of these formulae are relatively straightforward.

The first step is to obtain general results relating the mean and variance of a random variable,
X, to its probability generating function, Gx(t).

Consider the definition of Gx(t),
Gx(t) = pltxl + pztxz +...
Now differentiate with respect to t. This gives

G’X(t) = plxlt"“l + szztxz_l s (3.4)

Such term-by-term differentiation of a series is not always a valid procedure.

Substituting t = 1 gives
Glx(l) = p1x1 1% + szzlxz_l +ose

So, GX(1) = pix1 + paxo +... = E(X) (assuming that this series converges).



Thus in order to find the expected value of a random variable it is only necessary to
differentiate the probability generating function with respect to t and substitute ¢t = 1.

Example 3.2.1
Find the expectation of a random variable, X, such that X ~ Geo(p).

The probability generating function of a geometric distribution was found in Example
3.1.1. Itis

t
Gx(t) = 16—

T provided that |gt| < 1.

Differentiating with respect to t gives
pA—g)— (@) xpt ___ p
(1-qty? 1—qtp?
As g = 1 — p must be less than 1, |qt| will be less than 1 when t = 1. Therefore t = 1
can be substituted into this expression for G/ (#).

Thus EQO = G'x(1) = —2 = 2 _ 1L

Q-9 p p

G(t) =

This is a result which you used without proof in S1.

A similar method can be used to find a variance from a probability generating function.
Consider Equation 3.4,

Gy(®) = prat™™ + prxpt2™t 4.
Differentiating again with respect to t gives

G = prxa(a — D12+ prxp(x — D224,
and substituting t = 1 gives

Gx(1) = pixi(x1 — 1)+ paxa(xp — 1) 4.,
or, opening the brackets,

Gx(1) = p1(X¢ — x1) + pa (3 —x2) + ...
= (PR +pX+..) = (pra+pexat..)
=) pixf —E(X).
So Gx(1) = pix? —E(X). 3.5)

Algebraic manipulations on a series, like those above, are only legitimate if the
series meets certain convergence conditions. ;

Now  Var(X) = Z pixt — (E(X))?
= (G%(1) + E(X)) — (E(X))? (using Equation 3.5)
= Gy(1) + G(1) — (G (1)),



Example 3.2.2
Find the variance of a random variable, X, such that X ~ Geo( D).

From Example 3.2.1,

’ p ’ ]‘
)= s = —.
Gx(®) =g and G/(1) :
. - . ; . vipy 24P
Differentiating Gs(t) with respect to t gives G/4(t) = A=q0%

4 2qp 2qp _2q
S Gy(l)= 22 _ 28 _ 2
© =G5 P p?
Then Var(X) = G§(1) + G'(1) — (G(1))?
_2 1_<1)2_2q+p—1_2q—q g _1-p

= + —
pEop p? P? p? p?

P

The mean and variance of a discrete random variable, X, with probability
generating function Gx(t) are given by

E(X) = Gi(1),
and

-

Var(X) = Gi(1) + Gi(1) — (Gx(L)Y-

Example 3.2.3
- Find the probability generating function of the random variable X where X ~ Po(A). Hence
find the mean and variance of X.

A‘x
The Poisson probabilities are given by P(X = x) = e-AF forx=0,1,2, ...
Gx(t) = pltxl + pztxz + .-+ pntxn =N

A A2 AD
=eM\0 per ol per 2y Ay
1! 2! nl

_er 1 M AP At
=e +ﬁ+7!—+"'+ ] Fmas )z

The terms in the bracket give the Maclaurin expansion for e*, so
Gx(t) = e—kelt — e/\(t—l)
for a Poisson distribution with parameter A.
In order to find the mean and variance you need to calculate G%(1) and G%(1).

Gi(t) = Ae*tD, 50 Gi(1) = .
Gi(t) = A%eM=D 50 GY(1) = AZ.

Thus  E(X) = Gj(1) = A,

and
Var(X) = G{(1) + Gix(1) — (Gx(1))? = A2+ A — A2 = A.

You met this result for the variance in S2 Section 3.3, but it was not proved there.



Example 3.2.4
Find the probability generating function for the random variable X where X ~ B(n, p), and
hence find the mean and variance of X.

The binomial probabilities are given by P(X = x) = ( Z) g3,
forx=0,1,2,..., n, whereqg = 1-p.
Gx(t) = p1t™ + pat™ + -+ + Pt + - + put™
n n o n ron— n n
= (o) (et st (e () e
_ n 0,n n 1,n-1 . n r n—r n n,0
= (o) @00+ (7) worq 4+ (1) ram + -+ () (ptyge.
But this series is just the binomial series for (pt + q)", so
Gx(®) = (pt+9)".
Now find the mean and variance of X.
Since GY(t) = np(pt + q)"~! and G4 (t) = n(n — 1)p?(pt + q)"2, putting t = 1 and
recalling that p+ g = 1 gives

Gx(D)=np(p+q)" ' =np
and

Gx(1) = n(n—1)p*(p+ )" = n(n— 1)p2.
So E(X) = Gx(1) = np,
and Var(X) = G%(1) + Gi(1) — (G(1))?
=n(n—1)p*+np — n?p* = i p* — np? + np — n?p?
= np —np? = np(1 - p) = npq.

Again these are results which you have met before without proof, this time in S1
Section 8.3.

Example 3.2.5
Write down the probability generating function of the discrete random variable X for which

P(X=x)= % forx =1, 2, 3, 4,5. Hence find the mean and variance of X,
The probability generating function is

Gx(t) = pit™ + pat™ + - - + put™
=1it'+ 1+ 10+ 1t + 1S

; : : : .t (11— :
This is a geometric series which can be summed to give T ( . However, this

1-t
result is only valid if ¢ 3 1. Since t = 1 is just the value which is needed to find the
mean and variance from the probability generating function it is not appropriate to
use this summation here. Instead the mean and variance must be calculated using the

original form of the probability generating function.

The original function is differentiated to give
Gx() =3 +2t+32+ 28 414,
and  Gi(t) =%+ $t+ 22 148,
Substituting t = 1 now gives G4 (1) = 3 and G%(1) =8.
So E(X)=Gj(l) =3,
and Var(X) = G%(1) + G4(1) — (G’X(l))2 =8+3-32=2.

The method used in Example 3.2.5 to find E(X) and Var(X) from the probability
generating function is not particularly elegant because the summed form of the
probability generating function cannot be used as it was for the geometric,
Poisson and binomial distributions.



3.3 Cﬂ'he probablhty generratmc functmn of the sum of random varﬂabﬂes)

The probability generating functlon has the following useful property.

The probability generating function of the sum of independent random
variables is equal to the product of their individual probability generating
functions.

In order to understand this property, first consider the two independent discrete random
variables, X and Y, with the following probability distributions.

X 0 2 ¥ 0 1 2
PX=x) 06 04 P(Y y) 03 05 02

Suppose you wished to find P(X + Y = 2). This probability is given by

PX+Y=2)=P(X=0,Y=2)+P(X=2,Y=0)
=P(X=0)P(Y =2)+P(X=2)P(Y =0) since X and Y are independent
=0.6x0.2+0.4x0.3
= 0.24.

Now consider finding P(X 4+ Y = 2) from the product of the probability generating functions.
The probability generating functions of X and Y are

Gx(H) =0.6 +0.4> and Gy(t) =0.3+0.5t+0.2¢2
and the product of these two probability generating functions is

Gx(t)Gy(t) = (0.6 +0.41%)(0.3 + 0.5t + 0.2¢%)
=0.6 x0.3+0.6 x 0.5t+0.6 x 0.2¢2
+0.4% x 0.3 + 0.41% x 0.5t + 0.4 x 0.2¢2.

There are two terms in the product that contain 2, and these are the terms for which

X+ Y = 2. The coefficient of the first of these terms is 0.6 x 0.2 = 0.12, which is the value of
P(X = 0)P(Y = 2); the coefficient of the second is 0.4 x 0.3 = 0.12 which is the value of

P(X = 2)P(Y = 0). When these two terms are combined the probabilities are summed to give a
coefficient of 0.24, which is the value of P(X + Y = 2).

This reasoning may be generalised as follows. Consider the product of two probability
generating functions for two independent random variables X and Y,

Gx(DGy(t) = (P £ + Pt + - 4 pr, B + . ) (P " + Pt + -+ py, " + ),

where the probability generating functions have been written in series form with
Px =P(X =) and p, =P(Y = y)).

Consider the term in ¢ in the expansion of this product.
Its coefficient will be the sum of terms like py, p,, such that x; + y; =r.
This coefficient is just what you would calculate if you wanted to find P(X + Y =r).

For each pair of values x; and y; such that x; + y; = r you would multiply the corresponding
probabilities to obtain py, p,, (since X and Y are independent) and then sum these products
(since the different pairs are mutually exclusive).

Thus the coefficient of " gives P(X + Y =r), so the product of the probability generating
functions must be the probability generating function of X + Y. This argument can be
extended to more than two variables.

The same result can be arrived at more succinctly by using expectation notation. If two
variables X and Y are independent, then E(X)E(Y) = E(XY). (This result is proved in

Section 6.7.) So Gx(t)Gy(t) = E(t¥)E(t") = Et*t") = Et*Y) = Gxyy (D).

This property of probability generating functions gives a powerful method for finding the
probability distribution of the sum of independent random variables. In particular it provides

a means of proving the results E(X + Y) = E(X) + E(Y) and Var(X + Y) = Var(X) + Var(Y) for
independent discrete random variables.



(= mennan g aaen | s — a1 s
(Proof JLet V= X+ .

Then Gy(t) = Gx(OGy(f), and G (t) = Gy()Gy(t) + G (HGx(D).
S0 E(V) = Gy(1) = G(1)Gr(1) + Gy(1)Gx(1).

Recall from Equation 3.3 that Gx(1) = Gy(1) = 1, and substitute these values into the
expression for E(V). Then

E(V) = Gx(1) + Gy(1) = E(X) + E(Y),

E(X + ) = E(X) + E(Y).

Var(X + Y) = Var(X) + Var(¥)
By differentiating G/ (t) = G (£)Gy(t) + G} (t)Gx(t) again,

GY(t) = Gx(OGy(t) + 2Gx )Gy (t) + GHE)Gx (D).
Evaluating G (f) at t = 1 gives

Gy(1) = Gx(MGy(1) + 2G4(1)Gy(1) + GF(1Gx(1)
= G%(1) + 2G%(1)G} (1) + Gy(1).

Then  Var(V) = Gy(1) + Gi(1) — (Gy (1))
= (G')'((l) +2GX(1)Gy(1) + G’;,(l)) + (G’x(l) + G’y(l))
— (G(1) + Gy(1)*
= G(1) + 2G(1)Gy(1) + Gy(1) + G (1) + Gy (1)
— (G (1))? = 2G(1)Gy(1) — (Gy(1))*
= Gi(D) + Gx(1) — (Gx(1)* + G4(1) + G(1) — (Gy(D)*
= Var(X) + Var(Y), e

J

o] Var(X + Y) = Var(X) + Var(Y).

Recall from S3 Section 2.2 that the result E(X + Y) = E(X) + E(Y) is also true for
random variables which are not independent, but this result cannot be proved by
the method above.

The following example shows how the probability distribution of a sum of random variables
can be deduced from the product of the probability generating functions.

Example 3.3.1
Find the probability generating function for the sum, S, of three throws on a fair dice. Hence
find P(S =s) fors = 3,4, 5 and 6.

Let X be the result of one throw of the dice. Then X has a uniform distribution with
P(X=x)=¢;forx=1,2,3,4,5,6.

The probability generating function of X is Gx(t) = 1t + 2t2 + - + 115,

This is a geometric series with first term 3t and common ratio t. Provided that ¢ # 1 its
sum is given b ta-

BIVen by e i—p
The summed form of the probability generating function can be used in this
example since it will not be necessary to put t = 1.

For S, the sum of three throws on the dice, the probability generating function is
found by multiplying the probability generating functions for the individual throws,
SO

tA-19) tA-t9) t(-1) _, ;0-t)

6(1-1 6@0-0 60—t 26 (1-1)3

= 51 — 318 4 3t"2 — £8)(1 + 3t + 61 + 108 +...)

e (B + 3t + 65 + 10t° +..).

Gs(t) =




The required piobabilities are found from the coefficients of the corresponding
powers of t. For example, P(S = 3) is given by the power of . So

P(S =3) = 3k,

P(S=4)=3% =7,
P(S=S)=ﬁ‘6=3iﬁ,
P(S=6) = 3% = 35.

If two variables have the same distribution, then they also have the same probability
generating function. The reverse is also true. If two variables have the same probability
generating function, then they also have the same distribution.

Example 3.3.2
Two random variables X and Y are such that X ~ B(5, 1) and Y ~ B(10, 3).

(a) Write down the probability generating functions of X, ¥, and X + Y.
(b) Deduce the distribution of X + Y.

(a) From Example 3.2.4, the probability generating function of a random variable
which is distributed as B(n, p) is (pt + q)".

Thus the probability generating function of X is (3t + %)5 and the probability
generating function of Y is (3¢ + 2)™°.
The probability generating function of X + Y is given by the product of these
probability generating functions and is thus equal to (3t + 2 (Lt+2)0 =
Ge+9)".

(b) X + Y has the probability generating function of a variable which has a B(15, 3)
distribution. Thus X + ¥ ~ B(15, 3).

Example 3.3.3*

Show that the probability generating function of X where X~ B(n, p) tends to e*t-D where A
is constant and equal to np, as n tends to infinity. Deduce the distribution of X as n tends to
infinity.

The probability generating function of X is Gx(t) = (pt+¢q)" = (1 + p(t — 1))".

Substituting p = % gives

At —1)\"
Gx(t)=(1+ ( )) .
n
Using the result that (1 + %)" tends to e* as x tends to infinity, you can see that Gx(f)
tends to e*¢-1 as n tends to infinity.
But this is the probability generating function of a random variable which has a Po(2)

distribution. Thus the distribution of X tends to the distribution Po(A), where A is
constant and equal to np, as n tends to infinity.
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' PROBABILITY GENERATING FUNCTIONS

In this section we consider discrete random variables which take values in N={0,1,2,..}.

First we state some key results required for this section:

1 Finite geometric series (GS)
LR 1—zntl
For z€R, z#1, and neN, Y at=1+z+z®+..+2"= -
i=0 =

2 Sum of an infinite geometric series (GS)

o) .
The infinite sum 3 @ = 1+ z+ 22 + z° + ... is finite (or convergent) if and only if |z| < 1.
=0

w .
Sof=
=0

> if and only if |z| < 1.
3 Binomial formula
For real constants z, y and for n € N:
n
@+yr=3 (3)ay =y + (M) oyt + (3) 222 4 e+ (1) Ty + 2

2=l
4 Exponential series

o _k 2 3 .
2= % =l+z+ % + z—l 4+ ... forall zeR {Result from the Calculus Option}
o k! ! !

5 lim (1 + %) =e® forall a€ R {Result from HL Core}

n—oo

6 Binomial series for » € Zt and |z| <1
(S . . —_— — — — — ; —
(Tl_w)? = ¥ z*{-1L) (r)(zr 1) "_'"( i3 {Result from the Calculus Option}
- =0 :

7 Summation identities

n

S i=1+2+3+4..+n="CFD

i=1 <

3 = 10 P g, i = BTG D
=1 6

PROBABILITY GENERATING FUNCTIONS

Let X be a discrete random variable which takes values in N = {0, 1, 2, 3, ....}, and such that
P(X =k)=px, for keN.

The probability generating function (PGF), G(t), for X is
(o]
G(t) = Et*) = 3 pit”
k=0

=po + pit + pot? + ... for all values of ¢ for which G(t) is finite.



We note that:
(o]
e 0<pe<1and Yp=1 by the definition of the (well-defined) probability mass function for
k=0

a discrete random variable X.
® The PGF G(2) is either a finite series or an infinite series.
> If G(2) is a finite series then G(¢) is defined for all ¢ € R,

> If G(2) is an infinite series, then it is a power series and is therefore finite (or convergent) only
for ¢ in the interval of convergence of the power series.

® A PGF G(t) defines a discrete random variable X (and its probability distribution) uniquely.
Conversely, if X is a discrete random variable which takes values in N, then its PGF G(t) is
unique.

a Let X be the discrete random variable which takes values - 1, 2, 3, and 6, each with
probability %. Find the PGF for X.

b Let X ~ B(l, %) be the Bernoulli random variable equal to the number of ‘6’s obtained
when an unbiased 6-sided die is rolled once. Find the PGF for X.

€ Let X ~ Geo(%) be the geometric random variable equal to the number of rolls of an
unbiased 6-sided die required to roll a ‘6’. Find the PGF for X.

a G(t) = pit! + pat? + pst® + pet® = FE+12+13 4+ 15)
Since G(t) is a finite series, G(t) is finite and therefore defined for all teR.
b P(X=O)=po=g
P(X = D=p = %
P(X=k)=0 for integers k > 2.
the PGF for X is G(t) = py + pit + ot + ...
=244t for teR.

¢ X takesvalues 1,2,3,... and P(X = k)=g(1- é)k_l for k=1,2,3, ..
1

Il [

D o+

18

Mg (=[]

/N —
>|g
N——
3

the PGF for X is G(t)

>
Il
pu

£
Il
ot

£ 5ty * .
=-3 (—) {Infinite GS}
65\ 6
¢ 1 . o |5t
=gx1_2 if and only if 'E'<1
6
=3( 6 ) if and only if || < &
6 \6—5¢ o
t

6 6
= 5t for te]—g,g[




Example 28
@ Let X be the discrete random variable equal to the outcome of rolling an unbiased 4-sided

(tetrahedral) die labelled 1, 2, 3, 4.
i Show that X ~ DU(4). i Find the PGF for X.

b Derive the PGF for the discrete uniform random variable X ~ DU(n) which takes the values
=1, 2, s N

@ i X has probability distribution: T 112(3|4
=2 1133
X ~ DU(4)

i G(t) = po + p1t +p2t2 & v
= pit! + pat® + pst® + pyt
=3+ + 3 +%)
= 2(1 +t+12+¢%)  {Finite GS}

ot @t-1)
T4 -1

® Suppose X ~ DU(n), n e Z*t.
PX=z2)=p.= % for z=1,2,3,..,n

teR

" G(t) =po +pit+ pat® + ...
=pit! +pot? + ... + p,t™

=%(t+t2+....+tn)

- %(1 +t+¢%+ ... +t"1)  {Finite GS}

_t @ -1

s teR

PROBABILITY GENERATING FUNCTIONS FOR IMPORTANT DISTRIBUTIONS
In Example 28 we found that for X ~ DU(n), n € Z*, which takes values k=1,2, .., n, the
PGF for X is G(¢) = %(t+t2 F o+ 1)

_ it

n =) forall t e R.



The PGFs for the important distributions we study in this course are summarised in the following table:

$o e 2 Probability mass Probability generating
Dlstrlbutlon_ Notation function P(z) function G(t)
. : 1 t (" —1)
Discrete uniform X ~DU(n) = for =1,2,3,..,n ==, teR
X ~ B(1, p), Z(1 —p)i—=
Bernoulli (L) P*(1-p) l—p+pt, teR
O<p<1 for z=0,1
mTe~™
for
Poisson X ~ Po(m) x! emt-1) teR
=01, 2, ..
X ~ B(n, p), ™) p%(1 — p)*~% for
Binomial (. p) (”") P(1-p) (I1-p+pt)*, teR
O<p<1 z=0,1,23, ..,n
X ~ Geo(p), 1—-p)=-1 for
Geometric ®) P1-p) B , ] < !
0O<p<l1 z=1,234, .. 1-t(1-p) 1
X ~ NB(’/‘, p), t T 1
Negative binomial 21y e (1 — p)=—T - s Bl <€ —
& rezZt, 0<p<1 (T‘l)p( P) 1-t(1-p) i 1-p

Example 29

z=1,2,3, ...

Prove that the PGF of X is G (t) =

1

—t(1 - p)

Let X ~ Geo(p), 0 <p <1 be a geometric random variable which takes values
with probabilities P(X = z) = p(1 — p)=—1.

pt 1
f —_
or |t < 5

(e

l_p =1

LS [ta-p)°

P, _tl-p)

l1-p
pt

1-¢(1-p)

T1-t1-p

which is a GS with u; = ¢(1 — p)

and r=1t(1-p)

provided |t(1-p)| <1

provided |t < ——

1
1-p

Example 30

i=0

for X.

Given that i (") - p))F

1

Let X ~NB(r, p), » € Z*, 0 <p <1 be a negative binomial random variable which takes
values z=r, 7+ 1, r +2, ... with probabilities P(X = z) = (fj) p"(1—p)=T.

= ——————— provided [¢{(1 —p)| < 1, find the PGF

(1-t(1-p))"




The PGF for X is

G = 3 P(X =

=T

= Z ( ) p)z T4

=T

= oty 3 (721) @=pyrre=T

=T

= (pt)" § ("I (1 -p)it {letting i =z —r}

=0

= (pt)" i () pa-p) fsince ()= (1)}
1

= (pt)r(_lw provided |t(1—p)| <1 {given result}

— _pt___r ded e 2
_[1—t(1—p)] provided |¢| T

MEAN AND VARIANCE
Theorem 11

Let X be a discrete random variable with values in N and with PGF G(t) = pg + p1t + pat? + .....
Then: 1 G(1)=1

2 E(X)=0G'(1)

3 G"(1) = E(X(X — 1)) = E(X?) — E(X)

& Var(X)=G"(1)+G'(1) - [G'(V))?
Proof:

1 GQ)=po+p1+p2+...=) p;=1 by definition of the probability mass function for X.
(o]

2 G(t) = }: pktk
k=0

)= 3 kpet*
k=0

o0
= > kp
k=0

o0

= Y kP(X =k)
=0

a3

=E(X) by definition of E(X).
3 G"(t) = Z k(k — 1)pit*=2

G"(1 Z k(k — 1)px

f; k(k—1)P(X = k)

E(X(X —1)) {by Theorem 2 with g(X) =X (X — 1)}
=E(X? - X)
=E(X?) —E(X)  {by Corollary to Theorem 2}
4 Var(X)=E(X?) - {E(X)}® {Theorem 3}
= E(X?) - B(X) +E(X) - {B(X)}?
=G"1)+6'1) - {61y



o1 8

Let X ~DU(n) with values 1,2, ..., n. X has PGF G(t) = %(t + 82+ .. 17

2 _
Use G(t) and differentiation rules to prove that E(X) = %1— and Var(X) =12 = :,
1 2 n
Glt)=~(t+1* + .. +17)
G/(t) = %(1 42+ 362 + ...+ nt™ L)
G'(1) = %(1+2+3+.... +n)
-1 (n(n-l- 1))
T n 2
_n+1
3
E(X)=G'(t) = ”T“
G"(t) = %(2 +3x2t+4x 3t +.... +n(n—1)t"2)
G"(1) = %(2 +64+12+ ... +n(n— 1))
1 n—1
== { > (i + 1)}
=1
1 n—1 n=1
== { i+ Zi}
n Li=1 i=1
.y {”(n - 1)6 @n-1) | n(n2_ 1)} {well known summation identities}
n
_n(n—l){2n-1 l}
N n 6 + 2

_ (n_l){2n6+2}

_ (n—1)(n+1)
3

Var(X) = G"(1) + G'(1) - {G'(1)}?
_(n-1(n+1) LnFl (n+1)2

3 2 4
_ (n+1)(4(n—1)+6 — 3(n+1))
12
= (n+1)(n-1)
12
n?—1

12

The mean and variance for some important discrete random variables are summarised below:

Distribution E(X) | Var(X)
Discrete uniform X ~ DU(n) with values 1, 2, ..., n Ll =1
2 12
Binomial X ~B(n,p)  with values 0,1,2,...,n np | np(1—p)
Geometric X ~ Geo(p) with values 1, 2, 3, .. 1 1;2:0
Poisson X ~ Po(m) with values 0, 1, 2, ... 7:; :n,

Negative binomial X ~ NB(r, p) with values r, r + Lr+2 ..

SR
’dl\')




THE SUM OF INDEPENDENT RANDOM VARIABLES
Theorem 12

Let X and Y be two discrete random variables with values in N and with probability generatin,
functions Gx(¢) and Gy(t) respectively.

If X and Y are independent then the random variable X +Y has probability generating function
Gx+y(t) where Gx+y(t) = Gx(t)Gy(t).

Proof:

Suppose  Gx(t) = po + p1t + pot? + ...
and Gy(t) =qo + qit + got2 + ....

Let U=X+Y be the random variable equal to the sum of the values of X and Y.
Now PU=r)=3 P(X=k and Y =r—k)
k=0

M~

PX=k)P(Y =r—k) {since X, Y are independent}

b
Il

0

3

= PrGr—k
k=0

[ee] T
v Gxyv(t) = ) ( pqu—k) t"
=0 \ k=0
= Pogo + (Pog1 + P1g0)t + ... + (Pogr + P1dr—1 + ... + Drgo)t” + ....
Now consider the product
Gx(t)Gy(8) = (po + put +pat® +....) (0 + qut + gat? + ....).
By multiplying and collecting like terms we obtain the same function

Pogo + (Poq1 + P1go)t + ... + (Pogr + P1Gr—1 + ... +0rqo)t" + ... = Gx4y(t)
Corollary:

Suppose X1, X, .., X, are independent discrete random variables with values in N and
probability generating functions Gx,(t), Gx, (), ..., G x,(t) respectively. The random variable
U= X1+ Xs+...+ X, has probability generating function Gu(t) = Gx,(t)Gx,(t) .... Gx, (1).

Proof:

By the above theorem,

Gxy i oo xs(t) :
= Gxy+...4X._.(t)Gx, () {letting X =X; +....+ X,,_; and Y = X}
= (GX1+....+Xn_2(t)GXn_1(t))GX,,(t) {letting X=Xi+..+ Xn_1 and Y = Xn—l}

= Gx,(t)Gx,(t).... Gx,(t) as required.



“Example 2 |

Consider a binomial random variable X ~ B(n, p) for constants n € Z+, 0 <p < 1.

Let X=Y1+Y2+...+Y, where V4, ..., Y, aren independent Bernoulli random variables
Y= B(Lp) =1, cusic

Find the PGF for X in terms of the PGFs for Yj, ..., ¥,,.

For each Bernoulli random variable Y; ~ B(1, p),
Gy,t)=1—p+pt and X =Y1+Yo +...4+ Y,

Gx(t) = Gy, (t)Gy,(t) .... Gy, (t) {Theorem 12}

=(1-p+pt)1—-p+pt)... (1 —p+pt)
=1-p+pt)”

Theorem 13

If X and Y are two independent discrete random variables with PGFs G(t) and H (t) respectively,
then:

1 E(X+Y)=EX) + E(®Y)
2 Var(X 4+7Y) = Var(X) + Var(Y).

We note that:

e Theorem 13 is only a special case of the results proved in Theorem 6 and Theorem 7, which
apply to any two random variables X and Y (either both discrete or both continuous).

e X and Y are required to be independent for Theorem 13, but Theorem 6 shows that
E(X +Y) = E(X) + E(Y) holds also when X and Y are dependent.

Using the results from Section A, we obtain:
Corollary:
Let X, Xo, ..., X, be n independent discrete random variables with PGFs G, t), Ga(t), ..oy

Gn(t). Then E(Xi+Xp+...+X,)=E(X1)+E(X2)+.... + E(X,)
and Var(X; + Xp + ... + Xp,) = Var(X1) + Var(X3) + .... + Var(X,,).



a
b
¢

Let X ~ DU(6) with values 1, 2, 3, 4, 5, 6, be the score o

rolled. Let Y ~ DU(4) with values 1,2, 3,4, be the score obtained when a tetrahedral die is
rolled.

btained when a fair 6-sided die is

Use the method of PGFs to find the probability distribution of X + Y.
Hence find E(X +Y) and Var(X +7).

Check your answers to b using the formulae for the mean and variance of a discrete uniform
distribution.

b

¢ Bx) = _35 Var(X) =

441 2.
BY)=" =25 Var(y) = £-1

6 _
X has PGF  Gx(t) = é (H) =g+ + ... +15),

Y has PGF Gy (t) = :i (t:_—_11> =2t +2+3+ £%).
Since X and Y are independent random variables, X +Y has PGF
G(t) = Gx(t)Gy (t) = 3(t + 2 + ... + ) x 1+ 4+ 41
= 5 (t% + 26% + 3t* + 465 + 445 4 447 1 348 4 949 +t19)
the probability distribution for X +V is:
T+y 213145 7

Plz+y) | % | &

10

L
24

oo
o=
D= | D
o=
®|—= | 0O
S| o

G'(t) = 55(2t + 62 + 1263 + 204 + 24¢5 1 9846 + 2487 + 188 + 10£9)
G'(1) = %(2+6+-12+20+24+28+24+18+10)
= o2 x 144
=6
E(X+Y)=G'(t) =6.
G"(t) = 55(2 + 12t + 362 + 80£3 + 120¢% + 168¢5 + 168t° + 144¢7 4 90¢8)
G"(1) = & x 820
~ 34.167
Var(X +Y) = &"(1) + G'(1) - [¢/(1)]?
~ 34.167 + 6 — 62
~4.17
6+1 62 —1
12

Il
Sl&

[
Sl&

12

B(X+Y)=E(X)+E(Y) and Var(X +Y) = Var(X) + Var(Y)
=35+25 =35 415

12

=6 1




